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Abstract The paper forms part of the search for a thermodynamic explanation for the empirical Budyko
Curve, addressing a long-standing research question in hydrology. Here this issue is pursued by invoking
the Proportionality Hypothesis underpinning the Soil Conservation Service (SCS) curve number method
widely used for estimating direct runoff at the event scale. In this case, the Proportionality Hypothesis posits
that the ratio of continuing abstraction to its potential value is equal to the ratio of direct runoff to its potential value. Recently, the validity of the Proportionality Hypothesis has been extended to the partitioning of
precipitation into runoff and evaporation at the annual time scale as well. In this case, the Proportionality
Hypothesis dictates that the ratio of continuing evaporation to its potential value is equal to the ratio of runoff to its potential value. The Budyko Curve could then be seen as the straightforward outcome of the application of the Proportionality Hypothesis to estimate mean annual water balance. In this paper, we go
further and demonstrate that the Proportionality Hypothesis itself can be seen as a result of the application
of the thermodynamic principle of Maximum Entropy Production (MEP). In this way, we demonstrate a possible thermodynamic basis for the Proportionality Hypothesis, and consequently for the Budyko Curve. As a
further extension, the L’vovich formulation for the two-stage partitioning of annual precipitation is also
demonstrated to be a result of MEP: one for the competition between soil wetting and fast ﬂow during the
ﬁrst stage; another for the competition between evaporation and base ﬂow during the second stage.

1. Introduction
The Budyko Curve for mean annual water balance is an empirical result that is based on observations from
around the world [Budyko, 1974]. The novel feature of the Budyko Curve is that mean annual water balance
is represented in the form of a competition between water availability and energy availability [Roderick and
Farquhar, 2011; Li et al., 2014]. Water availability is represented by annual precipitation and energy availability is often represented (for simplicity) by annual potential evaporation. However, the role of landscape
properties on mean annual water balance is mainly implicit, and is deemed as being subservient to the
dominant role of climate, which is explained by the coevolution and codependence of landscape properties
with climate. In some formulations of the Budyko Curve, the role of the landscape is represented by a separate, lumped parameter [Mezentsev, 1955; Fu, 1981; Zhang et al., 2001; Donohue et al., 2007; Yang et al.,
2008], which is nevertheless estimated empirically. In spite of the widespread use of the Budyko Curve, the
connection between the simplicity of its functional form to the complexity of land surface and event scale
processes has remained a long-standing, open question in hydrology.
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Recently, Wang and Tang [2014] derived a new formulation of the Budyko Curve through application, to
mean annual water balance, of a generalization of the so-called Proportionality Hypothesis found to underpin the Soil Conservation Service (SCS) curve number method used for computing direct runoff at the event
scale [U.S. Department of Agriculture Soil Conservation Service (SCS), 1972]. In this case, as an analog to the
concept of initial abstraction in the SCS method, annual evaporation was separated into an initial evaporation and continuing evaporation. The competition between continuing evaporation and runoff was then
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quantiﬁed by a generalized Proportionality Hypothesis, i.e., that the ratio of continuing evaporation to its
potential value was equal to the ratio of runoff to its potential value. The potential value of the continuing
evaporation is the difference between potential evaporation and initial evaporation; whereas the potential
value of runoff is the water available for the competition, i.e., the difference between precipitation and initial evaporation. Indeed, a deeper ﬁnding of Wang and Tang [2014] was the demonstration of the existence
and applicability of the Proportionality Hypothesis for characterizing precipitation partitioning at the event,
seasonal, and annual time scales.
The aim of this technical note is to demonstrate that the Proportionality Hypothesis itself can be viewed as
the outcome of the implementation of the Maximum Entropy Production (MEP) principle, viewed as a speciﬁc manifestation of the second law of thermodynamics. This has the effect of providing a thermodynamic
basis for the Proportionality Hypothesis and by extension for the Budyko Curve as well. The existence of
such a thermodynamic basis has profound implications for hydrology, in that it gives us the conﬁdence to
invoke MEP to address other fundamental problems in hydrological modeling, including especially the
development of closure relations at the catchment scale in a parsimonious way, and the reduction of equiﬁnality in model structures and associated parameterizations [Reggiani et al., 1999; Beven, 2006a; Schaeﬂi
et al., 2011].

2. Proportionality Hypothesis and the Budyko Curve
2.1. Proportionality Hypothesis
The Proportionality Hypothesis was proposed by Wang and Tang [2014] to express the symmetry they identiﬁed in empirical functional representations of precipitation at the event, seasonal and annual time scales.
For example, at the event scale, rainfall is partitioned into direct runoff and soil wetting, where soil wetting
includes both initial abstraction and continuing abstraction. The continuing abstraction can be deemed to
be bounded by its capacity, i.e., the maximum or potential retention in the landscape, while the maximum
or potential value for direct runoff is the available water, as quantiﬁed by the difference between rainfall
and initial abstraction. In this case, the Proportionality Hypothesis dictates that the ratio of continuing
abstraction to its potential value is equal to the ratio of direct runoff to its own potential value [SCS, 1972].
We note in passing that while the functional form of the SCS Curve Number method used here to recognize
the Proportionality Hypothesis may be empirical, a process connection can be easily ascribed to it, e.g.,
through the application of the Green-Ampt inﬁltration model to inﬁltration and runoff generation during a
rainfall event of ﬁnite duration and constant rainfall intensity (details left out for brevity).
One can extend the focus to the partitioning of annual precipitation into its runoff and evaporation components, and the variability of this partitioning between different years. L’vovich [1979] presented a functional
model of this as a two-stage partitioning (see also Sivapalan et al. [2011] for more details). During the ﬁrst
stage, precipitation is partitioned into soil wetting and fast runoff; during the second stage, the soil wetting
resulting from the ﬁrst stage partitioning is further partitioned into evaporation and slow runoff. Ponce and
Shetty [1995] recognized a similarity of the functional forms used for computing fast and slow runoff components at the annual scale (i.e., in the L’vovich [1979] formulation) with that used for computing direct runoff at the event scale using the SCS Curve Number method. This similarity with the SCS Curve Number
method then allowed Sivapalan et al. [2011] and Wang and Tang [2014] to ascribe, through induction, a
form of the Proportionality Hypothesis to the two-stage partitioning of annual precipitation, although the
physical or process basis for this is yet to be established.
2.2. Long-Term Mean Water Balance and the Budyko Curve
Finally, we come to the special case of mean annual water balance and the Budyko Curve. Here we consider
the partitioning of precipitation (P) into evaporation (E) and runoff (Q), all of which are mean values over a
long period of time, with negligible soil water storage change. A conceptual model of the partitioning of
long-term mean precipitation into its components is shown in Figure 1. A fraction of precipitation is evaporated without any competition with runoff, which Wang and Tang [2014] denoted as initial evaporation (E0).
Note that initial evaporation in the sense it is used here is broadly deﬁned to include evaporation from leaf
interception, from the forest ﬂoor, and from temporary storage in pools [Savenije, 2004]. Therefore, P 2 E0 is
deﬁned as the effective precipitation, which is then partitioned into runoff and continuing (i.e., moisture
constrained) evaporation (Ec). The sum of E0 and Ec is total evaporation (E). Since initial evaporation already
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meets a part of the evaporation demand (i.e.,
potential evaporation denoted here as Ep),
Ep 2 E0 is then deﬁned as the effective potential evaporation.
Wang and Tang [2014] then implemented the
Proportionality Hypothesis, in the sense outlined in the earlier two cases (i.e., event and
Figure 1. Diagram showing the effective precipitation (P 2 E0), the comannual), to long-term mean water balance parpetition between continuing evaporation (E 2 E0) and runoff (Q), and the
corresponding potential values for continuing evaporation and runoff.
titioning presented in Figure 1. The potential
value for runoff is the available water for competition, i.e., P 2 E0. Based on the Proportionality Hypothesis, the ratio of continuing evaporation to its
potential value is then deemed as being equal to the ratio of runoff to its potential value:
E2E0
P2E
5
Ep 2E0 P2E0

(1)

If the potential values are interpreted as the water demands by the atmosphere and the river, respectively,
the meaning of equation (1) would be that the precipitation partitioning meets the same fraction of their
water demands through continuing evaporation and runoff. Wang and Tang [2014] then demonstrated that
a one-parameter Budyko-type equation can be derived in a straightforward manner from equation (1), as
follows:
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
11E
=P2
ð11Ep =PÞ2 24eð22eÞEp =P
p
E
5
(2)
P
2eð22eÞ
where e is a parameter (e5 Hc ), deﬁned as the ratio between the initial evaporation ratio (c5 EW0 where W is
soil wetting) and the Horton index (H5 WE ) (see Troch et al. [2009] for details on the physical meaning of H).
As a result, e can also be interpreted as EE0 and it happens that the range of e is between 0 and 1. Equation
E
E
(2) satisﬁes the essential boundary condition of the Budyko Curve: PE ! 0 as Pp ! 0 and EP ! 1 as Pp ! 1.
Also, it so happens that equation (2) has the same functional form as the ‘‘abcd model’’ for monthly water
balance developed by Thomas [1981]. The net result of all this is that the derivation of the Budyko-type
equation (2), as shown above, clearly demonstrates a linkage between the generalized Proportionality
Hypothesis and the Budyko Curve, giving an alternative interpretation of the latter.

3. Optimality Principle Behind the Proportionality Hypothesis: Maximum Entropy
Production
Both the Proportionality Hypothesis and the Budyko Curve are emergent patterns, both derived from analysis of observed data from a large population of watersheds based on analysis that would be deemed as ﬁtting the Darwinian analysis approach [Harman and Troch, 2014]. These observed patterns call for an
underlying organizing principle in order to go beyond mere (empirical) patterns to the underlying processes
or mechanisms. The objective of this paper is to identify an optimality principle underpinning the Budyko
Curve and also the L’vovich formulation [L’vovich, 1979] that describes annual precipitation partitioning as a
two-stage competition; this would thus represent a synthesis of the Newtonian and Darwinian approaches,
as called for by Harte [2002].
As a result of combining the ﬁrst and second laws of thermodynamics, the Carnot limit describes the maximum rate of mechanical work (i.e., power) extracted from a heating source [Kleidon and Renner, 2013].
Power describes the generation of free energy which is dissipated into heat, resulting in entropy production. The maximum power limit constrains the dynamics of any given system, be it a biological system
[Lotka, 1992a, 1992b], an environmental system [Kleidon et al., 2010], or a hydrologic system [Kleidon and
Schymanski, 2008]. The underlying hypothesis is that systems that evolve to their thermodynamic limits are
close to a state at which entropy production is maximized. The principle of Maximum Entropy Production
(MEP) was originally formulated in the atmospheric sciences [Paltridge, 1975, 1979]. MEP is an organizing
principle that potentially uniﬁes biological and physical processes in natural systems [Dewar, 2010]. This
thermodynamic principle can be applied to a watershed, considered as an open system that exchanges
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water with the atmosphere and the channel network [Westhoff et al., 2014]. The theoretical framework proposed by Kleidon and Schymanski [2008] for quantifying entropy production as part of the global hydrologic
cycle is adapted in this study for catchment-scale long-term water balances.
3.1. Entropy Production of Long-Term Water Balance
In the long term, the total entropy production of a hydrologic system includes three components: entropy
production associated with initial evaporation (re0), and those associated with continuing evaporation (rec)
and runoff (rr). Following the ﬂux-force trade-off framework for land surface hydrologic ﬂuxes proposed by
Kleidon and Schymanski [2008], evaporation is driven by the difference between the chemical potential of
soil water, ls, and the chemical potential for vegetation water (le) [Westhoff et al., 2014]:
E5ke ðls 2le Þ

(3)

where ke is a transfer coefﬁcient for the soil-vegetation ﬂux; chemical potential represents the sum of all relevant potentials, including matric potential, gravitational potential, and osmotic potentials. Similarly, the initial evaporation is driven by the difference of chemical potentials:
E0 5kei ðls 2le Þ

(4)

where kei is a transfer coefﬁcient for initial evaporation. Here the chemical potentials for water in the soil,
surface retention, and canopy interception are assumed to be equal. Subtracting equation (4) from equation
(3), one obtains:
E2E0 5kec ðls 2le Þ

(5)

where kec 5 ke 2 kei, which is the transfer coefﬁcient for continuing evaporation. Likewise, runoff is driven
by the difference between ls and the chemical potential of the water when it reaches the river channel (lr),
and can similarly be expressed as:
Q5kr ðls 2lr Þ

(6)

where kr is a runoff transfer coefﬁcient and lr is the gravitational potential at the height of the river
channel.
The optimized values of ke and kr obtained by Porada et al. [2011] based on implementation of MEP were
different by orders of magnitude. Westhoff et al. [2014] demonstrated that climate seasonality can result in
climate-dependent optimal transfer coefﬁcients. Therefore, both ke and kr are controlled by climatic driving
forces. In this paper, for simplicity, it is assumed that kec in equation (5) is proportional to the effective
potential evaporation because the process is driven by the effective atmospheric water demand:
kec 5aec ðEp 2E0 Þ

(7)

where aec is a coefﬁcient that represents the conductance (inverse of resistance) of continuing evaporation.
The conductance for continuing evaporation increases with effective potential evaporation. Similarly, the
runoff transfer coefﬁcient is assumed to be proportional to the effective precipitation, based on the argument that wetter soils (e.g., soils wetted by rainfall) conduct water better than drier soils:
kr 5ar ðP2E0 Þ

(8)

where ar is a coefﬁcient that represents runoff conductance. The resistance for runoff increases with
decreasing effective precipitation.
Equations (7) and (8) are clearly underpinned by simplifying, admittedly expedient assumptions. However,
these assumptions can be shown to be consistent with standard parameterizations used for soil moisture
controlled evaporation and runoff in many conceptual (and even physically based) hydrological models. For
example, the gradient of water chemical potential (ls 2 le) can be notionally related to catchment water
storage (S). Combining equations (5) and (7) leads to an equation similar to E / Ep  f ðSÞ, where f(S) is a function of soil moisture. This is indeed the approach usually adopted for soil moisture controlled evaporation
in process-based hydrologic models. Likewise, the gradient of water chemical potential (ls 2 lr) can be
notionally related to storage, S. Then, combining equation (6) with equation (8) leads to
Q5ar  ðls 2lr Þ  ðP2E0 Þ. The chemical potential of soil water (ls) is taken to be proportional to storage (S),
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and lr is assumed to be zero [Westhoff et al., 2014]. The functional relationship between runoff and storage
is usually nonlinear [e.g., Wittenberg, 1999]. Therefore, the combination of equation (6) and equation (8)
leads to Q5ar  S  gðSÞ where g(S) includes precipitation and other factors. In other words, the adoption of
equation (8) is equivalent to the adoption of a nonlinear storage-discharge relationship in traditional
process-based hydrological models.
Even though, as mentioned above, equations (7) and (8) are consistent with standard parameterizations in
many conceptual and physically based hydrological models, future research is required to verify these
assumptions using direct observations. For this purpose, initial evaporation and continuing evaporation and
corresponding water storages in a catchment will need to be measured, on the basis of which conductance
coefﬁcients for evaporation and runoff could be computed. This is left for future research.
The entropy production for continuing evaporation and runoff are now evaluated for quantifying the total
entropy production of the hydrologic system. Entropy production is computed as the product of the mass
ﬂux across the boundaries and the gradient of chemical potential, divided by the temperature at which the
processes take place [Kondepudi and Prigogine, 1998]. Following the expressions for entropy production proposed by Kleidon and Schymanski [2008], the entropy production rates associated with continuing evaporation and runoff are represented, respectively, by the following equations:
rec 5qkec
rr 5qkr

ðls 2le Þ2
T

ðls 2lr Þ2
T

(9)

(10)

where q is the density of water and T is the temperature at which the process occurs. Substituting equations
(5) and (7) into equation (9) and considering entropy production by initial evaporation, the entropy production by evaporation process, re, is expressed as:
re 5

qðE2E0 Þ2
1re0
Taec ðEp 2E0 Þ

(11)

Similarly, the entropy production by the runoff process, rr, is obtained by substituting equations (6) and (8)
into equation (10):
rr 5

qQ2
Tar ðP2E0 Þ

3.2. Maximum Entropy Production and Proportionality Hypothesis
The total entropy production of the hydrologic system is then expressed as:
"
#
q ðE2E0 Þ2
Q2
rsystem 5re0 1
1
T aec ðEp 2E0 Þ ar ðP2E0 Þ

(12)

(13)

For a given watershed, qT can be treated as a constant; note that the volume of water associated with E0 is
not considered to be part of the competition with runoff, and the corresponding entropy production (re0) is
then treated as a constant. The entropy production by continuing evaporation and runoff processes is
dependent on the competition between Ec and Q. As a result, the implementation of MEP to this system
can be formulated as the following optimization problem:
"
#
ðE2E0 Þ2
Q2
Max : rsystem ðE; QÞ5
1
(14a)
aec ðEp 2E0 Þ ar ðP2E0 Þ
subject to : P5E1Q

(14b)

where the decision variables in the optimization are evaporation (E) and runoff (Q) and the constraint is
long-term mean water balance. Note that in the studies by Kleidon and Schymanski [2008] and Westhoff
et al. [2014], the optimal value of ke was determined by maximizing the entropy production of evaporation
and the optimal value of kr was determined separately by maximizing the entropy production of runoff.
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However, in this paper, runoff and evaporation are estimated together by maximizing total entropy production due to both evaporation and runoff under given values of aec and ar, i.e., Q and E are taken as the decision variables. The total entropy production of runoff and evaporation is maximized since these two
processes are interconnected. The mean annual water balance in the Budyko framework is formulated as
the competition between evaporation and runoff given available water and energy supply. Under the condition of aec 5 0 and ar 5 0, runoff and continuing evaporation both approach zeros for E0 5 P. The corresponding rsystem is a constant of re0.
The optimization problem presented in equation (14) can be solved by applying the method of Lagrange
multipliers:
Max : f ðE; Q; kÞ5

ðE2E0 Þ2
Q2
1
1kðP2E2QÞ
aec ðEp 2E0 Þ ar ðP2E0 Þ

(15)

For a given watershed, rec and ar are independent of E and Q since they are nominally watershed properties. The role of soil water storage on E is already reﬂected in the chemical potential of soil moisture
in equation (5); and the role of soil water storage change on Q is already reﬂected in the chemical
potential of soil moisture presented in equation (6) and precipitation in equation (8). Then, the optimal
solution is obtained by setting the partial derivatives of the objective function, f(E, Q, k), equal to
zeros:
@f
2ðE2E0 Þ
2k50
5
@E aec ðEp 2E0 Þ

(16-1)

@f
2Q
2k50
5
@Q ar ðP2E0 Þ

(16-2)

@f
5P2E2Q50
@k

(16-3)

Substituting k in equation (16-1) and Q in equation (16-3) into equation (16-2), one obtains:
ðE2E0 Þ
P2E
5
aec ðEp 2E0 Þ ar ðP2E0 Þ

(17)

Comparing equations (1) and (17), one can see that the generalized Proportionality Hypothesis can indeed
be seen as the outcome of the MEP principle, provided there is a similarity between the continuing evaporation and runoff transfer coefﬁcients (i.e., aec 5 ar). Therefore, by extension, the principle of MEP provides a
theoretical foundation to understand the empirical Budyko Curve, since Wang and Tang [2014] have already
shown that the Budyko Curve (equation (2)) can also be seen as an outcome of the Proportionality
Hypothesis.
One can of course question the existence of such a similarity, i.e., aec 5 ar. Let us therefore consider a weaker
version of the Proportionality Hypothesis, where the values of aec and ar are allowed to remain unequal. Let
the ratio between aec and ar be denoted as /, i.e., / 5 aec/ar. Following the procedure of Wang and Tang
[2014], a two-parameter Budyko-type equation can still be derived from equation (17):
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ


E
5
P

11/e2e1/

Ep
P

11/e2e1/

Ep
P

2

2eð11/2eÞ

24/eð11/2eÞ

Ep
P

(18)

When u 5 1, equation (18) is indeed identical to equation (2). Figure 2 presents plots of equation (16-) for
the cases: (1) / 5 1 and e 5 0.6 and (2) / 5 0.7 and e 5 0.6. It should be noted that not all the combinations
of / and e satisfy the upper limit of E/P associated with the Budyko Curve, i.e., / and e are actually interdependent. The resulting formulation is only slightly different from many one-parameter formulations already
used in the literature [e.g., Fu, 1981; Zhang et al., 2001; Yang et al., 2008]. Here it is shown that the Budyko
formulation is derivable from the Proportionality Hypothesis, which in turn can be derived through application of the principle of MEP. In this way, the Budyko formulation for mean annual water balance is shown to
be a manifestation of the principle of MEP.

WANG ET AL.

THERMODYNAMIC INTERPRETATION OF BUDYKO CURVES

3012

Water Resources Research

10.1002/2014WR016857

The outcomes obtained here by maximizing entropy production are for a hydrologic
system that is close to the state of its thermodynamic limit. The thermodynamic limit
for evaporation is related to the ability of
atmospheric motion to remove moist air
near the surface [Kleidon and Renner, 2013].
The extent of atmospheric exchange that
drives evaporation is constrained by the
maximum power limit. Runoff is driven by
the depletion of potential energy in the
catchment, and its conversion to kinetic
energy, which either is exported from the
catchment by performing work on sediments, or is dissipated by friction. The therFigure 2. Two-parameter (/ and e) Budyko-type equation obtained from a
modynamic limit for runoff is likely to be
weak version of the Proportionality Hypothesis.
the maximum rate of sediment transport
that would deplete topographic gradients
at the fastest possible rate [Kleidon et al., 2013]. Even though the thermodynamic limit is not directly linked
to the evaporative ﬂux and runoff, the maximum power limit is approximately equivalent with maximum
entropy production [Kleidon et al., 2013; Kleidon and Renner, 2013].

4. Extension to L’vovich Formulation
Annual precipitation partitioning is described as a two-stage competition in the L’vovich formulation
[L’vovich, 1979]. Precipitation is partitioned into soil wetting (W) and fast runoff (Qf) in the ﬁrst stage
of the competition. After the initial soil wetting (W0) is met, continuing wetting (W 2 W0) and fast runoff compete for the available water of (P 2 W0). The potential (maximum) value of continuing wetting
is the remaining wetting capacity, Wp 2 W0 , where Wp is the wetting capacity. The potential (maximum) value of fast runoff is the available water, i.e., P 2 W0. The continuing wetting is driven by the
difference between the chemical potential of precipitation (lp ) and the chemical potential of soil
moisture:
W2W0 5kw ðlp 2ls Þ

(19)

where kw is a transfer coefﬁcient for the wetting. The conductance for wetting increases with its capacity,
and kw is assumed to be proportional to continuing wetting capacity:
kw 5aw ðWp 2W0 Þ

(20)

Fast runoff is driven by the difference between the chemical potential of soil water and the chemical potential of the water when it reaches the river channel:
Qf 5kf ðls 2lr Þ

(21)

where kf is the direct runoff transfer coefﬁcient. The conductance for fast ﬂow is assumed to be proportional
to its potential:
kf 5af ðP2W0 Þ

(22)

The application of the MEP principle to the ﬁrst stage of precipitation partitioning is equivalent to the following optimization problem:
Maxrstage1 ðW; Qf Þ5

ðW2W0 Þ2
Qf 2

 1
af ðP2W0 Þ
aw Wp 2W0

subject to P5W1Qf

(23a)
(23b)

After applying the method of Lagrange multipliers, we obtain the optimal solution:
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W2W0
P2W

5
af ðP2W0 Þ
aw Wp 2W0

(24)

If aw 5af , equation (24) becomes the statement of the Proportionality Hypothesis for the ﬁrst stage partitioning; if aw 6¼ af , a weaker version of the Proportionality Hypothesis will be obtained.
In the second stage of precipitation partitioning, wetting is partitioned into evaporation and slow ﬂow (Qs).
After the initial evaporation (E0) is met, continuing evaporation (E 2 E0) and fast runoff compete for the
available water of (W 2 E0). The potential (maximum) value of continuing evaporation is Ep 2 E0. The potential (maximum) value of slow ﬂow is the available water (W 2 E0). The conductance for continuing evaporation is assumed to be proportional to its potential value, as in equation (7). The conductance for slow ﬂow is
assumed to be proportional to its potential value:
ks 5as ðW2E0 Þ

(25)

By applying the MEP principle, the optimal solution for the second stage of precipitation partitioning is
obtained:
E2E
W2E
 0 5
as ðW2E0 Þ
aec Ep 2E0

(26)

If aec 6¼ as , a weaker version of Proportionality Hypothesis will be obtained; if aec 5as , then equation (26)
becomes the statement of the Proportionality Hypothesis for the second stage partitioning. Therefore, the
L’vovich formulation involves the application of two Proportionality Hypotheses for the ﬁrst and second
stages of partitioning, both of which can be derived from the MEP principle.

5. Summary and Broader Implications
Hydrologic predictions in space and time are challenging due to the difﬁculty in choosing the appropriate
mapping between the physical (biological and geomorphologic) structure of the watershed system and the
necessary model structure to represent the dominant hydrologic processes. Both upward (bottom-up) and
downward (top-down) approaches have been proposed and tried for building a suite of hydrologic models
[Sivapalan et al., 2003]. Bottom-up methods rely on the detailed physical descriptions of all relevant processes and their interactions to predict the watershed response as a whole. On the other hand, top-down
methods focus on identifying emergent patterns at the large scale from observed integral responses, and
then identifying the dominant processes and their interactions that may have given rise to these. Bottomup models suffer from the fact that the observations on physical (biological and geomorphologic) structures
and associated hydrologic processes are usually not available in the entire watershed to underpin these. On
the other hand, top-down models suffer from the equiﬁnality issue due to their limited physical basis, i.e.,
several model structures and associated model parameters may yield the same watershed responses [Beven,
2006b]. A synthesis of the two modeling approaches stands a better chance at maximizing the strengths
both approaches offer, while minimizing their weaknesses.
A possible way to resolve the model development dilemma posed above is to use an intermediate level of
abstraction for developing model structures and the characterization of landscape heterogeneity and process complexity. In this sense, the concept of watershed or ecosystem function has been suggested as a
way forward [Sivapalan, 2005; McDonnell et al., 2007]. The ecosystem functions of a watershed, which might
include partitioning, storage, and release of water, are emergent behaviors arising from the natural organization of the watershed structure, including the codependence of climate, soil, topography, and vegetation
[Schaeﬂi et al., 2011]. The existence of a natural organizing principle may provide a theoretical framework to
understand these collective watershed functions, and in turn may be used to constrain the diverse model
structures and parameterizations that may otherwise equally well reproduce the overall system behavior
[Ehret et al., 2014].
Hydrologists have been on the lookout for an organizing principle that might underpin predictions and
reduce the equiﬁnality of such predictions [McDonnell et al., 2007; Schaeﬂi et al., 2011], and a range of organization principles have been proposed. The organizing principles so far proposed are based either on a
piori knowledge or theories derived from the constituent physical and ecological sciences, and/or are
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inferred from empirically observed patterns of watershed responses. Examples include ecological optimality
based on minimization of water stress [Eagleson, 1982], or a more general form of vegetation optimality
based on maximization of net carbon proﬁt [Schymanski et al., 2007], minimum energy expenditure
[Rodrıguez-Iturbe et al., 1992], maximum energy dissipation [Zehe et al., 2010], and maximum entropy production [Kleidon and Schymanski, 2008; Paik and Kumar, 2010; del Jesus et al., 2012].
However, all of these principles are externally imposed—coming into hydrology from ecology (vegetation
or ecological optimality), physics (minimum energy expenditure), or thermodynamics (maximum entropy
production). Can such organizing principles be internally generated—or discovered—directly from the analysis of observed hydrologic responses? The Budyko Curve is an example of a widely accepted, universal but
empirical pattern derived entirely from within the hydrological realm, and has indeed been suggested as an
empirical organizing principle [Schaeﬂi et al., 2011]. Is it in any way related to, or derivable from, any of the
external or more universal optimality principles mentioned above? This paper has been motivated by this
long-standing question. In this paper, we have demonstrated that the Proportionality Hypothesis underpinning long-term mean water balance, and by extension, the Budyko Curve, are indeed consistent with, and
derivable from, the optimality principle of Maximum Entropy Production.
These results have broader implications. The application of the MEP principle here to long-term mean water
balance gives hope and guidance to other attempts to discover universal patterns in watershed response
observations. More importantly, the existence of such an organizing principle gives hope to attempt to constrain model parameterizations for many internal hydrologic processes for which no equivalent data exists.
For example, Li et al. [2014] demonstrated that the Budyko Curve could be used to constrain the interdependence of climate, soil, and topography parameter combinations, and revealed the linkage between
Budyko Curve and the Dunne diagram. This gives hope that the MEP principle can be used to constrain
hydrologic model parameters through its linkage with the Budyko Curve as an organizational pattern of
hydrologic system responses. This is left for further research.
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